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TORSION OF A SPHERICAL LAYER BY A SPHERICAL ANNULAR STAMP™

V. M. ALEKSANDROV and V. A. KARPENKO

Methods of reducing dual series equations to infinite algebraic systems /1,2/ are
used to study a mixed problem of the theory of elasticity concerning the torsion of
a spherical layer by a spherical annular stamp. The inner or outer surface of this
layer is rigidly clamped, and the stamps are coupled to the other surface of the
layer. The resulting infinite algebraic systems of first kind are reduced, after
the regularization, to the systems of second kind, and the latter can be solved us-
ing the method of consecutive approximations. Authors of /3,4/ used the same method
to study certain dynamic problems of torsion of bodies with spherical surfaces.

l, Let us consider a problem of torsion of an elastic, spherical layer with one of the
surfaces r = R, rigidly clamped, the torsion caused by rotation about the axis =0 by the
angle & , of an arbitrary, spherical (circular or annular) stamp attached to the other sur-
face r = R of the layer along the segment 0, {0 <(0,. The directions of the axes of the
spherical (r, 0, ¢) ~coordinate system is chosen such that 0, <<an/2 and 6, n. When 6;= 0,
the spherical stamp becomes circular, and 6; %0 corresponds to the annular stamp. We assume
that the surface r = R of the spherical layer is stress free outside the stamp.

Let us introduce special coordinates (i, z, ¢) connected to the spherical (r, 9, ¢) ~coordin-
ates by the relations

t =In(rR™), z=cos8 (1.1)

We seek to determine a displacement function + (¢, z) satisfying the following differential eg-
uation /5/ and boundary conditions:

a2 p (1.2)
—(%+(1—zﬁ)(,“’+3 — bzt =0
Yla, x) =0 1Lz (1.3)

11’(011):8, <I<
=0, —1<z<{h e

— I (8, x)
}/1——x2—~5T——t=3

(a = In (RyR™Y), b =cosb,, ¢ =cosb)

The displacements u, and stresses 74 and Ty, are connected with the displacement func-
tion by means of the relations

up=Re!' VI
Tu=CG Y T—220%/0t. Teg=G(1— 2% /0dx

The function /5/

P (¢, 7) = et ZA"[ »“"J” t)— (1.4)
(2t )ch(2k+1 )]E—Px‘(z)

is a solution of the differential equation (1l.2) satisfying the first boundary condition of
(1.3). 1In order for the function 4 (¢, ), give.. by (1.4), to be a solution of the problem in
question, the coefficients Ay must satisfy, in accordance with the last two boundary condit-
ions of (1.3), the dual series equations which are written in the form

D BiK () y (s, 2) = Pt (2), b<Ca e (1.5)
k=1

N Byy (i, 2)=0, —1<{x<<b, el
K=

where
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T
B — )/ 2 [t S thlaw)] 4, 1.6)

Y 1 S
Y (uy, 2) = l/"_k’:‘Tt Pl (2), ur=Fk--—
sh (au)
Kw= 3/, sh (au) -+ u ch (au)
(P! (x) is a first order Legendre function).
The functions y (ux, ) are eigenfunctions (corresponding to the eigenvalues u;) of the
Sturm— Liouville problem

&y |, o d t , 1

Ly =uYy, Ly=——(1—x2)#'f~21%«*(7—r‘—1_12)y (1.7

!/(U,—1)=0, y(u71):0
The functions y(ur, z) (k=1, 2, ...) form a complete orthonormal system of functions on the
segment /~1,1/ ! 0, n#k

_Sly(ukvz)y(um x)d‘x=[ 1, n=Fk (1.8)

The function K (u) of (1L.6) is an even meromorphic function in the complex u = S$ 4 ig variable
plane. All its zeros -+if, and poles iy, (n =1, 2, ...) are imaginary. Let us arrange the

zeros z =i, and poles [ = iy, lying in the half-plane o >0 into a sequence in the order
of increasing moduli., We see that

— Grn—1)n w
= Tar e S Tar
'\zn._y(zn__ﬁjf for n—s x

2a]
Taking into account the fact that the estimate
K@ =0, -
holds on any correct system of contours T, lying in the u = s + iog -plane, we can write the
function K (u) in the form

o {4k
Ny (@u® n
K(u)=A,vfm—Agli+uzy;2 (1.9)
2a
d=575
where (N, (u?) and N, (u?) are entire functions.
We define
g (@)= k)_]lBky (@, 7) (1.10)

noting that the function ¢ (z) (1.10) coincides, with the accuracy of up to the factor Ge ,
with the stress distribution function 4 (0, 2).

Taking into account (1.9), (1.10) and the fact that the operator [ (1.7) transforms the
function y (u;, ¥) into the function  ugly (ux, 1) , we can write the first relation of the dual
equation (1.5) in the form

ANl (L)q (I) = N2 (L)Pll (‘t) (1.11)

where N, (L) and N, (L) denote the differential operators in gz , of infinite order. A solu-
tion of the differential equation (1.1ll) with respect to the function ¢ (z) has the form

oo
g@)=K () Pt (2) + ) Hola), b<<a<e (1.12)
n=1
H, (@)= C, 2P yyin, (2) + Ca*Plijin (2) + Di®QLyein, (2) + (1.13
D,*QL i, (2)
The first term in (1.12) represents a particular solution of the inhomogeneous equation which
can be found using the symbolic method, and the infinite sum gives a general solution of the
homogeneous equation. The associated Legendre functions Pl‘,zm () and Ql_,,sz (x) represent the

linearly independent solutions of (1.7), and C(,°, C,*, D,°, D,* are constants.
Using the functional relations /6/

PLyu (— 2) = PlLijau (x) cos (/2 + u} ] —
2/ 1 QL (@) Sin [(Vo + uw) 7]
Pl (@) =Pl ulz), —t1l2x<1
we can write the functions H,(z) (1.13) in the form
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Hy (2) = CuPlis, (1) DaPliyis (—
n

Since the function Pil/ﬁeaﬂ {—) increases without bounds as z-— |, it follows that in the case
of a circular stamp the constants D, should be assumed equal to zero so as to satisfy the
condition that the contact stresses are bounded when g—>1 . Formuala (1.12) and the second
relation of the dual equation (1.5) together determine the function ¢ (r) for ze [—1,1] with
the accuracy of up to the enumerable set of constants (, and D,. The coefficients B, (1.6}
can be determined with the same accuracy by utilizing the property of orthogonality (1.8) of
the functions y {u;, z). We obtain

~

P} (@) | d H ’(r) ‘
Be=fi - [y n(uhjg;;ﬂ Y o 1.10)

N=1

, Pyl (2) ‘” H <z) x=c
y (uk’ .'l) ((“)‘ iy )A(“l) J

In deriving (l.14) we made use of the relation

Sy(v, z)y (w, )dl"“{ w2 [y, Dy (w, 2) — ¥ v, Dy, x)]}:: (1.15)
b

which holds for any distinct (v %+ w) solutions y (v, ) and y(w,2) (i.e. for any Ffunctions
Pl (&) Qe (2) and Pl (2), QL. (z) when U ==w) of the equation (1.7).

2, To find the constants C, and D, we use the first relation of the dual equation (1.5).
We note that the function

: Pi@), b<z<e
Y =1 g, 1<e<h, e<a<t

can be written, with (1.15) taken into account, in the form of the series

y° (11, @) Ey(um {m [y(uks i Pyt () —

f==

v 0P|}

(2,1)

Substituting the coefficients B, (1.14) and the function y°(u,, ), written in the form of a
series (2.1) (P {(z) — ¥° (¥, ¥} when b <z <(¢)into the first relation of the dual equation (1.5)
and remembering that K (i, §,) = U, we cbtain

(1 — @) |[K-2 un) (P () Sa (— i, ) — T — fun, 2)dP ()] dd) - 2.2)

) (Ho (@) Sa (b 2) — H (@ Ta B 2) [famy =0

(][:/3

K (u,)— K (in)
Td(u,x):zmz)%r;‘uz——y(umd)y(uhx) 23
o K (2.3)

K () — K (%),
Sq (%, )= Z-——#—ﬁz——y (ur, d)y (ur, )

We write the meromorphic function K (@) (1.6) in the form of the sexies

B, in
K(“)““Zua’r_rz: &m = TR 7 (2.4)

m=1

Taking (2.4) into account, we can write the expressions {2.3) in the form

2 Eq¥ (2.5)
T ( =‘”? ;n_maz Pa (V*m; x)
m=1
2 By
(“’ T) = — 2 Y ;n_muz 4 (Pms 7)
mz=1
y{u ,d)v(tu z)
Pa (Yms 7) Z e (2.6)

Y Y (e @) 9 (s @)
G (Vs x}=2——“.——“—

w -ty ?
— k m

The series (2.6) can be summed using the relation /7/
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o

}l(——if( ) P ) Pt o) = (2.7)

=1

TH(H)—P (1) Py (x2)
(z; = cos oy, 2y = Cos oy, 0 << oy < @, 0 <C @y << 1,

a, + ay, < m)
Performing the manipulations, we obtain
0 (Yms 2 = AmPluyiy (— B) Plipiy, (2) (2.8)
P (¥m: 2) = A'rnpl'/ﬂi‘.r,,, (© Pl'/ﬂivm (—2)
Ty (Yms D)= A APy iy, (— )/ dDPLy iy (2)
O (Yor )= Am de./,,,,-,,m (¢) /chl./ﬁWm (— )
= 1 [2(Ym® + Ys) ch (95)]17?

In this manner, we have written the functions gy (Ym, 2), Pc Vms 2} @ (Ym, ) and 6. (Ym, ) in the
form of linear combinations of the functions Plx/ﬁ,iym (z) and PL/,Hym (—2).

Substituting the expressions (2.5) into (2.2) with (2.8) taken into account, and equat-
ing to zero the sums of the coefficients accompanying like functions P! i iivg, (z) and P-,/,m,

(—z) (m =1, 2, ...), we obtain infinite systems of linear algebraic equatlons for determining
the constants €, and D, . We write these equations in matrix form as follows:
BX +B)Y =D, CX+CY =E (2.9)

Here B = (bmn): Bo = (bmn)y C = {tmn), Co == (cmy") represent known matrices of infinite order,
D = (dn), E = (¢,) are known column matrices (matrices of the order oo X 1), X = (), Y = (yn)
represent unknown column matrix, and we have

1 1

by B (8) | ettt DD AP0, O (2.10)
L=

£ 1‘/:+ivm (=0 Plijin, ®
. Epnn ) P},/moﬂ(—b) dP_,hw (—b) MdP_,,mb (—b)
T Pl (=0 | Pl () db db

m
. t (@ dP_,hM (—e¢)/de dP_,/mv (¢) /de
== 4
mn " P.l_n/ﬁ,{o (—o "/”wm [G]
A Emn (0 dP-x/,noﬂ (e) Pi-/,-pib" (©) ‘“’L/,“'ym (c)
TP L ) de Pl © de
= 1 (B) dP1 ® i) P, O
171—
Pll/r{.l’v (—b) L
em = T (€) " pi WP, @ appg
'm = Tm Pl © de de
~hE m
Vi=a __Vi=z

Eon (@) = Ymi— 8,2 M (= G R

In = CnP—‘/x“On ®), yn= anl'/zﬂ'é,. (—e)

In the case of a circular stamp, we obtain the following matrix equation for determining the
constants C,

BX =D (2.11)

3, Using the asymptotic expansions /7/ of the Legendre functions, we easily obtain the
following expression for large values of o:

i Plioio (d2:2) = TF e Pliio (£2) (1 0(07)] (3.1)

Taking into account the relations (3.1), we note that when vy, —> o, §,—> oo and the values of
z are fixed, then the elements bm,  and c¢,,° of the matrices B, and (, tend to zero,
while the elements b,, and cpn, (2.10) of the matrices B and € tend to the corresponding

elements of the matrix T = (Tpmy)

T = (Ym — &) 7" (3.2)
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The elements of the matrix 7' which is a two-sided inverse of I, are given by the formula

72,8/ fam= (K, (— 18,) [K_" ((ym)] (8 — ¥}~

K=K W=y4 ﬁ (% + 1) (% + 1)_1

k=1 k

(3.3)

The matrix T™' (3.3) can be used to regularize the system of equations (2.9) and (2.11) /8/.
We obtain the following infinite systems of linear algebraic equations: we have

X+T*B~DX=T"D (3.4)
in the case of a circular stamp, and
X+ T1(B DX+ TBY =T7D (3.5)

Y4+ T2(C€ —-0Y+T'CX=T7D
in the case of an annular stamp.
Solutions of the systems of equations (3.4) and (3.5) can be constructed /8/ using the
method of consecutive approximations. Having found the coefficients of 1z, and Yn s We ob-
tain the contact stresses in accordance with (1.10), (1.12) and (2.10), from the formula

3R VI 2% a 7, (3.6)
1o (0, :r):Ga{ ot +2[ P‘,:b o Phain, () +
L erib,

n=y

Y Pl (— x)} }

Plx/,J,mn (—9)

The magnitude of the torsional moment applied to the stamp is given, with (1.15) taken into
account, by

M Ble—b—S+V RS | Y [ 72l @ —F, 0] -
2nRGe R*— Ry* ; nzzl { l’fn/mén ® e
Yy [Py (=) — 1y (— )] }
Pfl/mon(* )
1—x d d
F,(z) = —11—1752? [le @)= Plijis, (2) — Pl‘/mbn (%) 7z P} (93)]

If the relative thickness of the spherical layer is small, we can utilize the asymptotic
expansion /7/ of the function Pl (2) for large values of §,(8, >32n for [R, — RIR™ < 0.1),
to obtain

PL s (1) 1 — B2\ exp (— 8 8,)°
r ‘+~n(b) :(1—%‘2) {“p(_é"(e?_e))*()(—‘g;—” (3.8)
_xyzﬂén '
Pliis, D (1 —a\ exp (—d, (n—0y))
=) —(0—6)8,) + O ————
Pl',‘2+i5 (—o ( 1— xz) i:(‘xp (—( 1)05) ( 6n > :!

The solutions /8/ o
Xo = (Ino)y Yo = (yn )
Z ¥,) 3R] (2n— D!

Viee Viee R—-R (!

(3.9)

of the system of equations
TOXO '*’Du- T()Yo - Eo
To= (T::m)s Do= (dmo)v Ey= (emo)v T:nn = (_Yma — 67;)71

4o 3RA VT — b 00 ARG VI—¢& T o__@2m—Dn
m ‘_(ROR_RI),Y'"UY mn —(RDW_R".)ymO b m 2‘(1'

can be used as the principal terms of the asymptotics (when the relative thickness |R, — RI|R™!
of the spherical layer is small) of the solution of (2.9).

Carrying out the summation of the series in (3.6) with (3.8) and (3.9) taken into account,
we obtain the following formula for approximate determination of the contact stresses for a
spherical layer of small relative thickness:

3R§Gssin9{ . (sinez)"‘z [1 _ (3.10)

Trg (Hw 9)= R~ Ry sin 8
7 (0, — O\ sin 0\ |
(1—exp(~-—?—a|—l)) ]_(sinU) {1_

(t—exe (=255 )
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The dependence of the torsional moment M (3.7) applied to the stamp, on the angle of rota-
tion &, is given, with (3.1), (3.8) and (3.9) taken into account, by the relation

M = 6nR*R®Ge (R® — Ry*)™ [cos 8, — cos 6, — (3.11)
1/, (cos® 8, — cos® B,) + (sin® 8, - sin® B;)a|n™" In 4]

We note that according to (3.10) the contact stresses increase without bounds on approach-
ing the boundaries of the stamp. At the boundaries of the stamp (when 6 =6, and 6 = 6,) the
contact stresses have root-type singularities

lim tq (R, 0) VT =1 = /@)

lim T, (R, 8) Y1 — 66, = £ (62)
b—0
3R,*Ge Ta| s
10=nrzsV 12l sing
If the spherical layer is rotated by a circular spherical stamp, then we must put in (3.10)
and (3.11) 6, =0.
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